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MASSEY PRODUCT AND TWISTED COHOMOLOGY 
OF A-INFINITY ALGEBRAS 

WEIPING LI AND SIYE WU 



Abstract. We study the twisted cohomology groups of ^oo-algebras defined by twisting 
elements and their behavior under morphisms and homotopies using the bar construction. 
We define higher Massey products on the cohomology groups of general j4oo-algebras and 
establish the naturality under morphisms and their dependency on defining systems. The 
above constructions are also considered for Coo-algebras. We construct a spectral sequence 
converging to the twisted cohomology groups and show that the higher differentials are 
given by the ^oo-algebraic Massey products. 



1. Introduction 

The concept of ^oo-algebras was introduced by Stasheff [2S1 [2S] for studying multipli- 
cation operations which satisfy associativity up to homotopy. Since then it has played a 
crucial role in homotopy theory. The ^oo-structure on the cohomology of a topological 
space determines the cohomology of its loop space and can be applied to the cohomology of 
fiber bundles [7]. Moreover, it determines the rational homotopy type of 1-connected spaces 
[TT] . Recently, the subject finds applications in many areas of algebra, topology, geometry 
and mathematical physics, including homological mirror symmetry |13j . 

Motivated by the work on twisted cohomology of the de Rham complex [271 E ISQl IS] , 
we study the twisted cohomology of Aoo-algebras. In addition, we define higher Massey 
products on the cohomology of a general j4oo-algebra with a possibly non-associative mul- 
tiplication. We then construct a spectral sequence converging to the twisted cohomology 
and relate the higher differentials to the higher Massey products. 

The paper is organized as follows. In Section [21 we recall the notions of Aoo-algehias, 
morphisms of ^oo-algebras and homotopies of morphisms. We express these concepts using 
the bar construction. The ^oo-structure on the cohomology group is also described. The 
Coo-algebras are discussed as a special case. In Section [3l we study the twisted cohomology 
group of a differential on the ^oo-algebra deformed by a twisting element. (These concepts 
simplify when the ^oo-algebra is Coo.) We put special emphasis on the use of the bar 
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construction, which clarifies many concepts and calculations. The twisted cohomology 
groups are naturally isomorphic if the twisting elements are homotopic equivalent. We 
show that a morphism of Aoo-algebras maps a twisting element to another and induces 
a homomorphism on the twisted cohomology groups. We also find the relation of the 
induced homomorphisms from two homotopic morphisms of ^oo-algebras. In Section [U 
we introduce the triple and higher Massey products on the cohomology of a general Aqo- 
algebra. A crucial ingredient is the matric j4oo-algebra formed by matrices of elements in 
the original Aoo-algebra, together with its properties. We introduce an equivalence relation 
on the set of defining systems under which the (higher) Massey products take the same 
value; this is of interest even in the classical case. We establish some properties of the 
Massey product and the naturality under morphisms of 74oo-algebras. In particular, we 
clarify and generalize the folklore relation of the Massey product and the ^oo-structure on 
the cohomology (of differential graded algebras) to the context of Aoo-algebras. We also 
study the Massey products for Coo-algebras. In Section [5l we construct a spectral sequence 
associated to a natural filtration on a Z-graded Aoo-algebra (assuming the twisting element 
is of positive degree) that converges to the Z2-graded twisted cohomology group. We give 
a complete description of the higher differentials in terms of the higher Massey products of 
the Aoo-algebra. We show that a morphism of ^oo-algebras induces a morphism of spectral 
sequences. This result is applied to the quasi-isomorphism of the cohomology group and 
the original Aoo-algebra. In the Appendix, we present a construction of spectral sequence 
that is slightly different from what we can find in the literature but suits the purpose for 
the previous section. 

2. Aoo-ALGEBRAS AND MORPHISMS 

In this section, we recall the definitions of A^o- and Coo-algebras, their morphisms, ho- 
motopy of morphisms, and the bar construction. 

2.1. ^oo-algebras, morphisms and homotopy. 

Definition 2.1. Let fc be a field. An Aoo-algebra (^,{b„,}) over fc is a Z- or Z2-graded 
vector space A = A^ over k with graded homogeneous fc-multilinear maps b„ : A®" — > A 
(n > 1) of degree 1 satisfying 

K+i+t o (I®'- b,® 1®*) = 0, 

r,t>0,s>l 
r+s+t=n 

where 1 = 1a is the identity map on A. 

When maps are evaluated on elements, we follow Koszul's sign rule (f ® g){x y) = 
(_l)|g||a^lf (a;) (g) g(y), where f, g are graded homogeneous maps of degrees |f|, |g| and x, 
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y are homogeneous elements of degrees \y\, respectively. So the above identity on 
ai, . . . ,an G ^ is 

br+l+t(ai, . . . , Qr, bs(ar+l, . . . , ar-\-s),CLr+s+l, ■ ■ ■ , On) = 0, 

r,t>0, s>l 
r+s+t=n 

where a = (—1)1"! a for any homogeneous element a & A. For n = 1, the identity is 
bi o bi = 0, i.e., {A*,d), where d = bi, is a cochain complex. For n > 2, the meaning 
of the identities is best seen from the desuspended version. The ^oo-algebras defined here 
differ from the original ones (see [25\ [T2] for reviews) by a suspension. Let s: s~^A A 
be the suspension map of degree —1 given by the identification (s-M)p = AP'^. Then the 
multilinear maps m„ = it s~"^ o b„ o s®*^ : {s~^A)'^"' — > A (each with an appropriate sign) 
satisfy a similar set of identities. The identity for n = 2 is the Leibniz property for the 
product 1X12 while that for n = 3 says that m2 is associative up to a homotopy given by 1113. 
If m„ = (or equivalently, b„ = 0) for all n > 3, then A is a differential graded algebra. 

Definition 2.2. Let {A, {b^}), {B, {b^}) be ^oo-algebras. A morphism f:A^Bof A^o- 
algebras is a family f = {fn}n>i of graded homogeneous fc-multilinear maps f„: yl®" B 
of degree satisfying, for each n > 1, the identity 

fr+l+t o (1^'- ® b^ C5 1^*) = Yl bf(f,, 0...®f,J. 

r,t>0, s>l r>0;ii,...,jr>0 
r+s+t=n il-(-...+i^=n 

For n = 1, the above identity means that fi : {A, d^) — > (-B, d^) is a morphism of cochain 
complexes. For n = 2, fi commutes with the operations (in the desuspended 

version) up to a homotopy given by f2. A morphism f is called a quasi-isomorphism if fi is 
a quasi-isomorphism. It is strict if f„ = for all n > 2. The composition of two ^oo-algebra 
morphisms f: A ^ B and g: i? ^ C is given by, for any n>l, 

(gof)„= Y gr O (fii • • • 0fjj. 

r>0; ji,...,ir>0 
iiH hir=n 

In particular, (g o f)i = ofi. 

Definition 2.3. Let (j4,{b^}), (i?,{b^}) be Aoo-algebras. Two morphisms {fn}, {gn} 
from A to B are homotopic (through {h„}) if there exists a family of graded homogeneous 
fc-multilinear nictps : ji^^'^ — ^ (^j^ ^ 2^ q£ (iegrgg — 1 such, that for a.ny ^ 1, 

gn-^n = Y ^?+l+t ° (gii ® ■ ■ ■ ® gir ®^s®^h® ■ ■ - ht) + Y ^'■+1+* ° (^^'^ ® b^ (g) 1^*), 

where the first sum runs over r, t > 0, s > 1, ■ ■+ir+3i+- ■ ■+jt = n- (h, - ■ ■ ,ir, ji, ■ ■ ■ , jt > 
0) and the second runs over r,t > 0, s>l,r + s + t = n. 

Homotopy is an equivalence relation on the set of morphisms 
^See for example [251 [51 [T3]. We thank B. Keller for providing the references. 
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2.2. The bar construction. A more conceptual way of describing ^oo-structures is tlirough 
the use the bar construction [29] . Recall that the reduced tensor coalgebra on a vector space 
A over k is TA = 0„>x A'^^. There is a comultiplication A: TA TA ® TA given by 

n-l 

A[ai (gi ■ ■ ■ an] = ^ [ai ^ ■ ■ ■ ® a-r] (g [ar+i 18 ■ ■ ■ (8 On] , 

r=l 

where < r < n and ai, . . . , a„ G A. For an Aoo-algebra A, the map Yln>i ■ TA A 
lifts uniquely to a graded coderivation b : TA TA of degree 1 satisfying 

Z\ob = (l(g)b + b(g)l)o/:i. 

The conditions that {A, {b„}) is an ^cxD-algebra is equivalent to the identity bob — 0, i.e., 
b is a coalgebra differential on TA of degree 1. 

Similarly, a collection of fc-multilinear maps f = {f„ : ^4®" B}n>i defines a map 
X^n>i^"- ~^ ^ which lifts uniquely to a coalgebra morphism F: TA — > TB of degree 
0. If (j4,{b^}), {B,{bn}) are ^00-algebras, the condition that f = {fn}: A ^ S is an 
Aoo-algebra morphism is equivalent to F o b^ = b^ o F, i.e., F: (Tyl, b"^) — {TB,h^) is 
a morphism of graded differential coalgebras. If g: ^ C is another morphism of ^00- 
algebras, the composition of morphisms g o f : A ^ C corresponds to the usual composition 
GoF: TA^TC. 

Two yloo-algebra morphisms f , g : A ^ B are homotopic if and only if F, G : TA — > TB are 
homotopic as morphisms of graded differential coalgebras, i.e., there is a map H : TA TB 
of degree —1 such that 

G - F = b^ o H + H o b^, o H = (G ^ H + H O F) o Z\^. 

2.3. Coo-algebras and morphisms. If A is a vector space over k, the shuffle product [18] 
on TA is given by, for any < r < n and ai . . . ,an € A, 

[ai (g) • • • (g) ar] X [Or+l g) • • • g) On] = ^ (-1)'^*^'^^ a^r^l) g) • • • (g ao-(n) > 

where Sr^n is the set of permutations o" G S'„ on the set {1, . . . ,n} such that a{i) < a{j) if 
either l<i<j<roir + l<i<i<n and e{a) = ^ |aj||aj|, summing over the pairs 
with \ <i<r<j<n and (t[i) > cr{j). This product is graded commutative and 
associative on TA, making it, together with the comultiplication A, a graded bi-algebra. 

Definition 2.4. A Coo-algebra {A, {b„}) is an Aoo-algebra such that for each n > 2, b„ = 
on TA xi TA. A morphism f = {^n}n>i- A ^ B Coo-algebras is a morphism of Aq^- 
algebras such that for each n > 2, f„ = on TA n TA. Two Coo-algebra morphisms 
f, g: A ^ B are homotopic if they are homotopic as Aoo-algebra morphisms through {h„} 
such that for each n > 2, h„ = on TA m TA. 
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For n = 2, the condition 62 x A) = is equivalent to the graded commutativity of 
the product m2 on s^^A. Thus, Coo-algebras are "graded commutative" Aoo-algebras (see 
[llj for a history of and references on Coo-algebras). The conditions on Coo-structures and 
morphisms can be stated concisely using the bar construction [llj. The ^oo-structure on A 
is a Coo-structure if and only if b is a derivation on the graded bi-algebra TA, i.e., for any 
x,y £ TA, 

h{x n y) = b(x) m y + x m b{y). 

Similarly, an Aoo-morphism f : A ^ B \s Coo if and only if F : TA TB if a morphism of 
bi-algebras, i.e., for any x,y £ TA, 

F(x N y) = f{x) X f{y). 

Using the same method, one can further show that if h = {h„} is a homotopy of Coo-algebra 
morphisms f , g : A — > i? if and only if for any x,y £ TA, 

H(x M y) = G(x) N H(y) + H(x) n F(y). 

2.4. ^oo-structure on the cohomology group. Given an ^00-algebra (^,{bn}), the 
cohomology B.{A) = }1{A, d) is an associative graded algebra under the operation b2 induced 
by b2. In fact, the cohomology H(yl) has an ^00-algebra structure {b^} with bi = 
[71 [HI [Ml [IS]. There is a quasi-isomorphism of ^00-algebras H(^) — > A lifting the identity 
map of H(74). Such an yloo-structure on H(^) is unique up to isomorphisms of ^00-algebras. 

We describe the 74oo-algebra (K{A), {b„}) and the quasi-isomorphism q : H(A) A. Let 
Pi : A — > H(j4) be a fc-linear map which sends any closed element to the cohomology class 
it represents; pi is determined by the choice of a subspace in A that is transverse to ker d. 
Let qi : H(A) ker 9 C A be a fc-linear map such that pi o q^ = 1h(A)- Then there is a 
homogeneous fc-linear map hi : A ^ A of degree —1 such that l^i — qi o pi = 9 o hi -|- hi o 3. 
The Aoo-structure {bn} on H(^) and the quasi-isomorphism q = {q^}: H(j4) — s- A can be 
expressed explicitly as a sum over the oriented rooted planar trees [13] . Alternatively, they 
can be obtained inductively by [5j 

n 

bn = ^ ^ Piobro(qj^ g)...(gqjj, 

r=2 iiH \-ir=n 

il,...,ir>0 

n 

qn = ^ ^ hiobro(qj^ 0...0qij, 

r=2 iiH \-i,.=n 

ii,...,ir>0 

respectively, for any n> 2. When ^ is a differential graded algebra, the inductive formulas 
simplify to [T7] 

n— 1 n—1 

bn = ^ Pi o b2 o (qj qn^i), qn = ^ hi o b2 o (qi q„„j). 

1=1 i=l 
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Finally, if {A, {b^}) is a Coo-algebra, then so is (H(j4), {b^}) [5j. 

3. Twisting elements and twisted cohomology 

3.1. Twisting elements and twisted cohomology of yloo- algebras. We construct a 
deformed differential on the ^oo-algebra and study its cohomology group. Let {A, {bn}) be 
an ^oo-algebra. We fix an element h A. Define a map T/^ : ^4 — > TA by 

oo 

a £ Ah^ Tfiia) = /t (g) ■ - (g) /i (g) g = a + /i(g)o + /i(8)/i(g)a + -- - . 

n times 

T/j is a fc-linear isomorphism from A onto its image, and the inverse map is given by 
T^^(x) = x-h®x for X G T/i(^). We set T/j(1) = l+rh{h) G k®TA. ThenTft,(a) = T/j(l)(g)a. 

It is clear that A{xh{a)) = T/j(/i) (g) T/i(a) for any /i, a G ^. In particular, z4(t/i(/i)) = 
T^h(^) (g '^h{h), i.e., T:h{h) can be regarded as a morphism of coalgebras from k (with the 
obvious comultiplication) to TA. 

We define a twisted differential dh - A ^ A b}@ 

oo 

a G A dha = bn+i(/i, . . . ,h,a) = da + b2{h, a) + b3{h, h, a) + ■ ■ ■ . 
n=o ^ T"^ ' 

n times 

Lemma 3.1. If h £ A, then 

boT:h = rj^odh + rf^{dhh) g) xt, 

where h = {—l)\^^h. 

Proof: By the definition of b, we have, for any a € A, 

oo 

b(u(a)) = y^b( /j,(g • • • ®h 0a) 

""'^ n times 

oo / 

= ^ ^ /t (g ■ ■ ■ g) }i^bs+i{h, . . . ,h,a) + 



n=0 



^',s>0 r times <j times 




h^bs{h, . . . ,h) (g • • ■ ig /t g) g 

r,t>0,s>l ^ times s times ^ times / 

r+s+t=n / 

T;i(l) (g) a/^a + T^(l) (g (g Thia) 



2r 



During the preparation of the paper, we learned that the differential was previously introduced and 
studied in [25]. Our approach below relies instead on the bar construction. In the case when ^ is a Coo- 
algebra, which is treated in H3.6I the same differential was also obtained recently by E. Getzler. 
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□ 

Corollary 3.2. (i) For any h G A, 

br+i+t(h, ...,h, dhh, h,...,h) = 0; 



r />n 

' — r times t times 



(ii) dhh = if and only if b(T/i(/i)) = 0; 
(a) For any h,a ^ A, 

d-^dha = - y ' br+t+2{h, ...,h, dhh, h,...,h, a). 




Proof: Taking a = h in the proof of Lemma 13.11 we get 

b{rh{h)) =rj,{l)®dhh(^rhil), 

from which (ii) follows. Applying b to both sides and projecting to A, we get (i). Applying 
b to the identity in Lemma |3.H we get 

Xhidhdho) = -Xhidhh) ® -Thidho) - b{rj,{dhh) ® T/j(a)). 

(iii) follows by a projection onto A. □ 

Definition 3.3. If A is an ^dco-algebra, an element /i G ^4 is a twisting element if it is of 
even degree and dhh = 0. 

When A is a differential graded algebra, the condition dhh = reduces to the Maurer- 
Cartan equation dh+b2{h, h) = 0. In general, b(T/i(/i)) = means that T/i(/i) is a morphism 
of differential graded coalgebras from k (with the trivial coderivation) to TA. So Xhih) € 
Hom(fc, TA) is a twisted cochain in the sense of Brown (Sj [25]. We refer the readers to |31j 
for a history on twisting elements and twisting cochains, and to the references therein as 
weh as [251 [9]. 

Theorem 3.4. If h is a twisting element of an Aoo-algebra A, then 

(i) b oT/i = Tft, o dh on A; 

(ii) b preserves the subspace T/j(^) C TA; 

(iii) dl = on A. 

Proof: (i) follows from Lemma |3. II since h = h and dhh = 0; 

(ii) follows easily from (i); 

(iii) follows from dh = t^"*^ o b o and b^ = 0. □ 

Definition 3.5. If /i is a twisting element of the ^oo-algebra A, the twisted cohomology of 
A (twisted by h) is RhiA) = R{A,dh). 
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We note that s~^h is of odd degree if h is of even degree. Although A can be either 
Z- or Z2-graded, the twisted cohomology H(^) is always Z2-graded. A special case is the 
cohomology of the de Rham complex twisted by a closed form of odd degree [27^ [H \20\ I16j. 

3.2. Induced morphisms on twisted cohomology groups. Suppose f = {f„} : A ^ B 
is a morphism of Aoo-algebras, inducing F: TA — > TB on the bar construction. For any 
h G A, define fh'- A ^ B hy 

oo 

a G A 1-^ Fft,(a) = ^ fn+i(/i, ■■■ ,h,a). 

n=0 ^ 

n times 

Lemma 3.6. For any h & A, we have the identity 

In particular, F: xf^{A) CTA^ '^FUh)^^) ^ "^'^ F(t^(^)) = h{h)) . 

Proof: For any a £ A, hy the definition of F, we have 

oo 

fir^ia)) = F( /i(g) • • • (g) /t (g)a) 

n times 

oo n 

= ^ fi^(/i, ...,/i)(g)---0fij(/i, ...,/i)(g)fjo+i(/i, ...,/i,a) 

n=Or=Oio>0, ii .,v>l times ii times io times 

«oH l-«r=n 



' ^ \. y 



r=0 

r times 

= <w(Fh(a)). 

The rest follows easily. □ 

Theorem 3.7. Suppose f : A ^ B is a morphism of A^o-algebras and h is a twisting element 
in A. Then 

(i) fh{h) is a twisting element in B; 

(a) fh - {Adh) (-B,5f^(/j)) is a cochain map, i.e., \=h°d^ = S^^^^^ o F,,; 

(Hi) if g: B ^ C is another morphism of A^o-algebras, then (G o F)/j = Gp^^(/,) o ff^. 

Proof: By Theorem 13. 4f i). Lemma 13.61 and by F o b"^ = o F, we have 

<W°C(/.)°F, = b^oTf^(,)oF, = Fob^oT;^ = b^oFoT^ 
= Fob^oT;^ = FoTi^oaif = Tf,^(,)oF,o9^ 

(ii) follows from the injectivity of whereas (i) is from d^^^f^^fh{h) = fh{d^h) = 0. 

Next, we observe that, for any a £ A, 

G{Fir^{a))) = G(Tf^(,)(F,(a))) = (F^(,))(GF,(,)(F,(a))). 
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On the other hand, we have 

G(F(T;^(a)))=TfGoF),(.)((GoF),(a)). 
By setting a = h, we obtain (G o f)hih) = Gf^(/j)(F/j(/i)) and (iii) follows. □ 

Corollary 3.8. Under the above assumptions, 

(i) there is an induced homomorphism (F/J*: H/j(A) — s- Hp^(/,^(i?); 

(ii) there is a commutative diagram 



((GoF),J. ^ H(GoF)^(,)(C). 

3.3. Homotopy equivalence of twisting elements. 

Definition 3.9. Two twisting elements h,h' in an ^oo-algebra (^,{bri}) are homotopic 
(through an element c) if there exists c & A (of odd degree) such that 

h' -h = ^ hr+i+t{ h', ■ -J , c, h, . , /i ). 

r times t times 

Under this situation, define a map '[\)c: A ^ A hy 

a G A 4'c(a) = a + br+t+2(^', ■ ■ ■ ,h' ,c,h, . . . ,h, a). 

^'^—^ r times t times 

We note that 4'c(^) = h' — dh'C. 

Lemma 3.10. Suppose A is an Aoo-algebra and h,h' A are two twisting elements. Then 

(i) h and h' are homotopic through c G A if and only if 

Th'ih') -Xhih) = b(T,,/(l) 0cOT,,(l)); 

(ii) in this case, we have, for any a G A, 

rh'i^cia)) - T/,(a) = b(Tft/(c) ® T/,(a)) + Tft/(c) ® rhidna). 
Moreover, 4'c(ffl) is the unique element satisfying this equality. 

Proof: (i) Following the proof of Lemma 13.11 and using Definition 13. 9|. we get 

b(T/,,(l) (g)C®T,,(l)) 
= Tft/(1) O dh'h' Tft/(1) O C O T;,(l) + T,,/(l) <g) {h' - h) ^ T/,(l) 
-Tfe/(1) (g) C O T/,/(l) (g) a^/l (g) T/,(l) 

= 'rh'ih')-rhih) 
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since dh'h' = = dhh. 

(ii) follows from a similar calculation 

b(T/,/(c) (g)T/,(a)) 

= Tft/(1) (g)(9/,//i' (g)T/j/(l) (g)c® T/,(a) +T,,/(1) (g) {^\>c{a) - a) +t,,/(1) (g) {h' - /i) ® Th(l) «) a 

-Tfc/(1) (g)c®T/i(l) ®dhh®Xh{a) -T,,/(c) (8)T/i(l) 0(9^0 
= T/j/(i|jc(a)) -T/j(a) -T,,/(c) (g)T/j(a/,a). 

The uniqueness is clear. □ 

It can be shown that this homotopy is an equivalence relation |251 [9]. In fact, the equality 
in Lemma [3.10( i) means that T/i(/i) and Xh'ih') are homotopic as coalgebra morphisms from 
k to TA. More precisely, we have 

Proposition 3.11. Let A be an Aoo-algebra. 

(i) If h,h' € A are twisting elements that are homotopic through c, then ^\)c is a cochain 
map from {A, dh) to {A, df), i.e., -^c°dh = dh' o •ij;^. 

(ii) If h" G A is another twsiting element and h' , h" are homotopic through c' , then h, h" 
are homotopic through 

c" = c + c'+ ^ hr+s+t+2{h",...,h",c',h',...,h',c,h,... ,h). 

' ' — r times s times t times 

(Hi) Under the above condition, o^\)c and i|Jc" : {A,dh) — > {A,dhii) are homotopic 
cochain maps. 

Proof: (i) We use Lemma l3.10r ii) in two ways. Applying b on the formula, we get 

b(T,j/(c) ® rhidho.)) = T:h'{dh''^c{a)) - ^^hidho). 
On the other hand, replacing a by d^a in the same formula, we get 

b(T,i/(c) <^Xh{dha)) = Xh,{A];>c{dha)) - Xhidha). 

Therefore '^c° = dh' o il;^ on A. 
(ii) First, we calculate 

b(u//(l) (g) c' T/i/(l) (g)c(g)rh{l)) 
= rh"{l) {h" - h')(g)Th'{^)(^c®rh{l) - t/,//(1) ® c' ® t/,.(1) {h' - h) (g> rh{l) 
+rh"{l) ® (c" - c - c') ® Xh{l) 

= Tft//(1) ®c"(g)T?,(l) -T;,/(l)(g)C®T;,(l) -T;,//(l) ®c'®T;,/(l). 

Applying b to both sides and using Lemma l3.10l fil. we get 

b(T^»(l) ® c" T^(l)) = irh'ih') - Xh{h)) + {rh"{h") - rh'ih')) = wih") - u{h). 
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The result follows from Lemma l3.10( i). 

(iii) A similar calculation shows that, for any a A, 

b(T/j//(c') ® T,,/(c) (g)T/j(a)) +T/,//(c') (S)T:h'ic) ^rhidhtt) 

= T/,//(c') ®T/,(a) -Tft/(c) ®T/,(a) -rh"{c') ® rh'{^\>c{a)) + rh"{^\>c',c{^))^ 

where the map ^\)c',c■ ^ ^ ^ is defined by 

a e Ah^^\)c',cia) = ^ br+s+t+3{ h" , ■ ^ , h"^ , c, h', . , h'^ , c, h, ..^.,h ,a). 

r,s,t>0 ^ times s times t times 

Applying b to the above, we get, after simplifying and using (i), the desired relation 
4'c'(^c(a)) -^\>c"{a) = 5h"4'c',c(a) + ^^c^c('9/^a). 

□ 

Corollary 3.12. Let A be an Aao-algebra and h,h' € A, two twisting elements that are 
homotopic through c. Then 

(i) '\];>c: A ^ A induces an isomorphism (i^ic)* : H/j(^) ^{^/{A); 

(a) if h" is another twisting element and h\h" are homotopic through c' , then there is a 
commutative diagram 



B,iA)^^-^R,,iA), 
where c" is given by Proposition 1 3. 1 lY i). 

Proof: As in [9], c' can be chosen such that c" in Proposition 13 . llT ii) vanishes. By Proposi- 
tion [3TTT|| iii) , i[)c induces an isomorphism (ij^c)*: H/j(A) — > }ih'{A) with inverse (ij^c')*- The 
rest follows. □ 

3.4. Morphisms on homotopic twisting elements. Let A be an 74oo-algebra. Suppose 
h' ,h G A satisfy the relation 

h' -h = ^ br+i+tj h', ■ ^. , /^^ c, /y^. , h ) 

^'^—^ r times t times 

for some c (z A (cf. Definition 13.91 but h,h' need not be twisting elements). Let f:A^B 
be a morphism of Aoo-algebras. We set 

F/,',h(c) = ^ fr+i+t{h', ...,h',c,h,...,h) 

' — r times t times 

and define a map fh',h{c, •)■ ^ ^ ^ by 

a& A^ fh',hic,a) = ^ fr+t+2{h', . . . , h' , c, h, . . . ,h,a). 

r />n ^ ^ ^ ^ ^ ^ 

' — r times t times 
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Lemma 3.13. (i) In the above notations, we have the identities 

F(4(l) ® c ® = T^^(l) ® ^h',h{c) ® 

(ii) For any a ^ A, we have 

F(4(c) ® x^{a)) = tL_(F;,, ^(c)) ® Tf^(^)(F;,(a)) + ,h{<^, a)). 

Proof: (i) Following the proof of Lemma 13.61 g^t 

F(4(1)^C0T^(1)) 

^ (h',--j ,7^) • • • fii i h',..^.,h') ® fi„+jo+i (h',--j,^ c, h^^^^ 

^^^'^?^"''^.^'^9 V times ii times in times in times 

i>0; Jo---Jt>0 

(8)fj, {h, . ^. , h) (/v_^^) 

jr'i times jt times 

= V Fh>{h') (g) • • • fh'{h')(^ ^h',h{c) «) F;,(/i) ^ • • • (g) fh{h) 
^ — ^ ^ >- ^ ^ ^ 

^' — r times t times 

(ii) can be proved by a similar calculation. □ 

Theorem 3.14. Let f: A ^ B be a morphism of Aoo-algebras. Suppose h,h' E A are 
twisting elements that are homotopic through c. Then 

(i) F/i(/i), Fft'(/i') € B are twisting elements that are homotopic through f^h',h{c); 

(ii) the diagram 

{A,di) ^ ^{A,d^,) 



F, 



h> 



commutes up to a cochain homotopy. 

Proof: (i) Applying F to the formula in Lemma I3.10( i) and using Lemma I3.13( i) , we get 



-<(.)(F.W) = F(b^(4(l) 0c^4(l))) 
b^(F(4(l) ^c0 4(l))) = b^(Tf^,(,,)(l) ^ F,,,(c) ^ <(,)(!)). 
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The result is then proved by using Lemma IS-lOf i) again. 

(ii) Applying F to the formula in Lemma 13.10^ 11) and using Lemma l3.13( ii). we get 



^ (,,)(F,K^^^(«)))-<(,)(F.(a)) 



b''f<,(/.o(F/.',^(c)) ^<(^)(F/.(a))) +<(,)(9F,(,)F^(a)) 



On the other hand, applying Lemma l3.10( ii) to B, we get 

<K/^')K...(c)(F/.(a)))-<(,)(F.(a)) 

,Bi^B tr- /„\\^^B fx- r„\\\ , ^B /n /„\\^r^B 



b^(T^^,(,,)(F,,,,(c)) 0T^^(;,)(F,(a))) +T^^,(,,)(F;,,ac)) ®T^^(^)(5F,(^)F,(a)). 

B 



Comparing the two calculations and by the injectivity of we have 



fh'i^cia)) -'^f1,,Jc)(F/.(«)) = 5F^,(ft')Fft',/i(c,a) + fh',h{c,dha), 
which establishes the desired homotopy through fh',h{c, ■). □ 

3.5. Homomorphisms on cohomology induced by homotopic morphisms. Suppose 
{f„} and {gn,} are two yloo-morphisms from A to -B that are homotopic through {h„}. In 
terms of graded differential coalgebras, F,G: TA — > TB are homotopic through H. For 
h G A, let Hh'. A ^ B he a map defined by 

oo 

ae Ah^ Hhia) = ^ h„+i(/i, ... ,h,a). 



ra=0 

n times 



Lemma 3.15. (i) If h G A, then 



H{r^{a)) = TL(H,(a)) + tL(h,(/,)) <(,)(F,(a)). 



(ii) In addition, for any a A, 

Proof: (i) follows from a direct calculation 
H(Ti^(/i)) 

= ^ gii ( /t, ■ -J , h ) (g • • • O gv (h, ■ -J , h ) <^ ^s{ h, ■ -J , h ) ® { h, . , h ) • • • (g) fj, [ h, . , h ) 

r,t>0,s>0 • ^jjjjgg j times s times 71 times jt times 

il,...,it>0 



V G/i(/i) (g) • • • G/,(/i) (g Hft(/i) (g F/,(/i) (g) • • • (g fh{h) 

*^ r times t times 
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The proof of (ii) is similar. □ 

Theorem 3.16. Suppose {fn}; {gn} ^'"e two A^-morphisms from A to B that are homotopic 
through {h„}. Let h be a twisting element in A. Then 

(i) ffiih), Gh{h) are twisting elements in B that are homotopic through H/j(/i) G B; 

(ii) 4'Hh(/i) ° F/j and G^: {A,dh) {B^dQ^^^^)) o,''"^ maps of cochain complexes that 
are homotopic. 

Proof (i) Applying G - F = o H + H o to t;^(/i) G and using Lemma l3.15( i). we 
get, 

The result then follows from Lemma l3.10f i). 

(ii) Applying the same formula to G TA (a G A) and using Lemma 13.15( 11). we get 

<w(G/.(a))-<(^)(F/.(a)) 
= b^(Tf^(,)(H,(a)) +Tf^(,)(H,(/i)) 0Tf^(,)(F,(a))) + H{r^{dha)) + H{h{r^{h))) 
= b^«w(H.(/^)) ® <(,)(F.(a))) +<(,)(H,(/.)) ® b(Tf^(,)(F,(a))) 
+<(h)(5G,(h)H/.(a) + H^(5^a)). 
Therefore 

G/i - i|^Hh(/i) o F/i = 9g,,(/i) o H/, + H/, o 
by the uniqueness in Lemma 13.10( 11). □ 

Corollary 3.17. Under the above conditions, there is a commutative diagram 



HF,W(i?)— --Hg,(.)(B). 

3.6. Twisting elements and twisted cohomology of Coo-algebras. When the ^oo- 
structure is Coo, there are a number of simplifications. We summarize the results in the 
following 

Proposition 3.18. Suppose k is afield of characteristic 0. 

(i) If A is a Coo-algebra, then any closed element h & A of even degree is a twisting 
element. 

(ii) Iff: A ^ B is a morphism of Coo- algebras, then fhih) = fi{h). 

(Hi) If two Coo-o-lgebra morphisms f, g: A ^ B are homotopic through {h„}, then Hh{h) = 
hi(/i). 
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Proof: This is because bi(/i) = and 

hn{h, ...,h) = ^ hn{{ h'^-y h] N [h]) = 

n times n.-l times 

for all n > 2. Similarly, for all n > 2, f„(/i, . . . , /i) = and h„(/i, . . . , /i) = 0. Therefore 

n times n times 

F;,(/i) =fi(/i) and H;,(/i) = hi(/i). □ 

4. Higher Massey products on the cohomology of tIoo-algebras 

The triple Massey product [19j, was generalized to the context of j4oo-algebras ^30j. We 
give an explicit construction of the higher Massey products, usually defined for differential 
graded algebras |14|,l21j. for yloo-algebras. Furthermore, we introduce an equivalence relation 
on the set of defining systems under which the Massey product takes the same value in the 
cohomology; this clarifies the dependency of the Massey product on the defining systems. 
We establish some properties of the Massey products and the naturality under morphisms 
of ^oo-algebras. Finally, we study the triple and higher Massey products of Coo-algebras. 



4.1. Triple Massey product. We first review the definition of the triple Massey product 
on the cohomology of an Aoo-algebra A. Given classes ai, Q!2i 03 £ H(74), let oqi, ai2) ^23 G A 
be their representatives, respectively. Suppose 62(01, 02) = = 62(02103)- Then there are 
002,013 G A such that 62(001,012) = —61(002) and 62(012,023) = —61(013). If A is a 
differential graded algebra, then 62(001,013) + 62(002,023) would be a cocycle representing 
the usual triple Massey product. However, when j4 is a general Aoo-algebra, this expression 
is no longer closed. Instead, with a correction term from 63, we define |30j 

/i(aoi, 012, 023; 002,013) = 62(001,013) + 62(002,023) + 63(001,012,023). 

It is closed since 

61 (/u(ooi , 012 , 023 ; 002 , 013 ) ) 
= 62(62(001, 012), 023) + 62(0^^1,62(012,023)) + 6163(001,012,023) 
= 0. 

Therefore the generalization of the triple Massey product for Aoo-algebras should be defined 
by the cocycle //(ooi, 012, 023; 002, 013). 

We now study how it depends on the various choices made. First, 001,012,023 can each 
differ by a coboundary. Suppose, for example, a'12 = 012 + 61(012) is used instead, then we 
can choose 092 = 002 + 62(001,012), = 013 + 62(012,023) and, accordingly, the difference 
in the cocycles is 

/^(ooi,o'i2,a23;aQ2,o'i3) - /i(ooi, 012, 023; 002, 013) = 6163(001,012,023)- 
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So the two cocycles represent the same class in H(74). In addition, each of 092, 013 can differ 
by a cocycle; this resuhs a difference in 62(01, H(A)) + b2(H(^), 03) of the class represented 
by /u(aoi, ai2, 023; ao2, 013)- We define the triple Massey product (01,02, 03) as the set of 
the cohomology classes which arises from all such choices of 002,013- Thus (01,02,03) is 
an element of H(^) / (82 (oi , H( A) ) + ba (H(^) , 03 ) ) . 

Finally, we establish the naturality of the triple Massey product. Let f = {f„,} : A ^ B 
be a morphism of Aoo-algebras. If 01,02,03 € H(A) satisfy 8^(01,02) = = 8^(02,03), 
then f3i = (fi)*oi,/32 = (fi)*02,/33 = (fi)*03 G 11(5) satisfy the corresponding rela- 
tions bf(/3i,/32) = = b^(/32,/33). The latters are represented by 601 = fi(aoi),fci2 = 
fi(ai2),&23 = fi(a23) G B, respectively. We can choose 602 = fi(ao2) +f2(aoi,ai2) and 
613 = fi(ai3) + f2(Q^i2, 023)- A straightforward calculation shows that 

fJ'^iboi,bi2, 623; ^02, &13) = h{fJ-^{aoi,ai2, 023; ao2, 013))- 

Thus (/3l,/32,/33) ^ (fl)*(0l,02,03). 

4.2. Matric Aoo-algebras. If A is any vector space over k, we denote by Mat^'^\A) the 
set of m X m matrices with components in A. We write a = {aij)Kij<m, where Ojj G A 
is the (i, j)-component of a G Mat^™'''(^). Given two vector spaces A and B, we define a 
product 0: Mat(™)(A) Mat(™)(S) ^ Mat('")(^ B) by 

m 

{aQb)ij = '^aik'^bkj, l<i,j<m, 

k=l 

where a G Mat^"^\A) and b G Mat^'"^(-B). This product is associative under the natural 
identification of tensor products of vector spaces. 

If A is an ^00-algebra, then Mat('")(yl) has a grading given by Mat^'^\A)P = Mat('^)(AP) 
and there is a collection of fc-multilinear maps bi["^ : Mat(™)(yl)®" ^ Mat("')(yl) (n > 1) 
defined by 

b^^\ai,...,an) = b„(ai 0-- - 0a„), 
where ai, . . . , a„ G Mat*^'^)(A) and b„ acts on Mat*^™) (A®"-) component- wise. 

Proposition 4.1. //(A, {b„}) is an Aoo-algebra, then so is (Mat*^"*^(A), {b^™'''}). 
Proof: For any ai, . . . , a„ G Mat^™) (A), we have 

bl^\^l{cil, • • • , Ctr, b^J"\ar+l, . . . , flr+s), Ctr+s+i, . . . , a„) 

r,t>0, s>l 
r+s+t=n 

= ^ b,.+i+t(aT0 • • • 070 bs(ar+i • • • a^+s) a^+s+i • • • a„), 

r,t>0,s>l 
r+s+t=n 

which is zero by Definition 12.11 since hn acts on Mat*-"^^(yl) component- wise. □ 
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Definition 4.2. If (yl, {b„}) is an Aoo-algebra, the m x m matric Aoo-algebra on A is 
(Mat(™)(A),{b^r)}). 

More generally, if i? is a ring that contains the field k, then we have an yloo-algebra 
R^kA that also has an i?-module structure. The maps b^: A)®" R(S)kA is given 

by 

b^(ri (g) ai, . . . ,r„ (g) a„) = (n • • • r„) (g) b„(ai, . . . ,a„), 

where ri, . . . ,rn € R and ai, . . . , a„ G A. The matric Aoo-algebra is the special case when 
i? = Mat("")(fc). 

If f = {f„} : yl ^ i? is a morphism of Aoo-algebras, then we define fc-multilinear maps 
fi""^ : (Mat(™)(yl))®" ^ Mat(")(B) for all n > 1 by 

f^\ai,...,an) =f„(ai ©••• 0a„), 

where ai, . . . ,a„ € Mat('")(A) and f„ acts on Mat('")(A®") component- wise. 

Proposition 4.3. If f = {f™}: A ^ B is a morphism of A^o- algebras, then so is f*-™"^ = 
{fi™^}: Mat('")(A) ^ Mat('")(5). 

Proof: The proof is similar to that of Proposition 14.11 using Definition 12.21 □ 

If f, g: A ^ B are two morphisms of yloo-algebras that are homotopic through h = {h„}, 
then we can define fc-multihnear maps h^T^ : (Mat^"") (yl))®" ^ Mat(")(5) for all n > 1 by 

h'^^ai,... ,an) = h„(ai0---0a„), 

where ai, . . . ,a„ G Mat(™)(A) and h„ acts on Mat(™)(A®") comp onent- wise . 

Proposition 4.4. //f, g: yl B are two morphisms of A^o- algebras that are homotopic 
through h = {h„}, then fM,gM : Mat^"'\A) Mat('")(S) are homotopic through h(™) = 



Proof: The proof is similar to that of Proposition 14.11 using Definition 12. 31 □ 
Let Mat^^(j4) C Mat*-™'^(A) be the subspace of strictly upper-triangular matrices in A, 
that is, a = (oij) G Mat^J^\A) if Oij = for all i > j. Since Mat^^(yl) is preserved by the 
product 0, we have 

Corollary 4.5. (i) If {A, {hn}) is an Aoo-algebra, then so is (Matf)(A),{b(r)}). 
(a) If f = {fn}: A ^ B is a morphism of A^q- algebras, then so is 
fM = {fM}. Mat'-l''\A) ^ MatJ"^(S). 

(Hi) //f,g: A B are two morphisms of A^o- algebras that are homotopic through h = 
{h„}, then fM,gM : MatJ"^(A) ^ Mat5™^(S) are homotopic through h('") = {hi™^}. 
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If A is a vector space over fc, tiien we regard elements of A®^ = A (B ■ y (B as column 

m times 

vectors and we write x = (3;j)i<j<rrn where Xi G A. If A, B are two vector spaces, there is 
a multiplication 0: MaxS'^^A) ® i?®™- (^A® B)®"^ from the usual matrix multiplication 
on vectors. If a = {aij) G Mat(™)(A) and x = {xi)i<i<rn G -B®™, then aQx = {J2Y=i ^ij (8) 
Xj)i<i<m- This multiplication satisfies the standard associativity upon natural identification 
of tensor products of vector spaces. If A is an j4oo-algebra, then A®"^ is an j4oo-module over 
Mat('")(^) or MatJ"^(A). If a G Mat('")(y4) and x G ^®™, we write 



daX = ^ bn( a • • • a Qx), 



n=0 



n times 



where b„ acts on the column vectors component-wise. 

Lemma 4.6. // a G Mat("")(^) and x G A®"^, let a = ^) G Mat('"+^)(A). Then 

Pi X — (dad daX\ 

C'atl — { Q )■ 

n tilQCS tiiT^^cs n — 1 times 

Proof: This follows from a0 ••• 0a = (^©^ ^o^Oa;^ any n > 1. □ 
Finally, using the inclusions 

• • • C Mat^^*") (A) C Mat(™+^) (A) C ■ ■ ■ and • • • C MatJ"^ (.4) C Mat^"+^) (^) C • • • , 

we get the Aoo-algebras (Mat(°°)(y4), {b^T^}) and (MatJ^^(A), {bi°°^}) as direct limits. The 
results in the section hold also for m = oo. 



4.3. Higher Massey products. We generalize the triple Massey product for Aoo-algebras 
[30] discussed in ^4.11 to higher Massey products of m cohomology classes. We now use 
the labeling < i,j < m for the components of a = (aij) G Mat^™"^^^(^). If a, a' G 
Mat^'''^^(^), we write a ~ a' if aij = a'^j for all i,j except i = 0, j = m. We have a simple 

Lemma 4.7. If a, a' G MatJ™"^^^ (yl) and b,b' G MatJ"+^^(5) satisfy a a' and b ^ b' , 
then aQb = a' Qb'. 

Definition 4.8. Let (A, {b„}) be an Aoo-algebra and m > 2. The matrix a = {aij)o<ij<m £ 
Matf+')(A) is a defining system for ai, . . . , Om G H(A) if 

(i) daa « 0; let fi{a) = {daa)om G A; 

(ii) each Oi {i = 1, . . . ,m) is represented by aj_i^j G A, which is closed by (i). 

When m = 2, a defining system of 01,02 ^ H(^) is simply a choice of representatives 
aoi,«i2 G ^ of 01,02, respectively, and /x(aoi,ai2) = b2(aoi,ai2) is a cocycle representing 
the class 62(001, 012) G 11(A). The case m = 3 is about the triple Massey product discussed 
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in §4.11 For a general m, the formula is 

m 

r=l 0=jo<n< - <ir=»Ti 

We remark that if a G Mat^'^^^(A), then 

oo 



daa = ^ b^r+i) (a, . . . , a) e MatV"+^^ {A) 



" "'^ n times 



can be regarded as the "curvature" of a in the context of (non-associative) ^doo-algebras. 
Furthermore, /i(a) = if and only if a is a twisting element of Mat^"*""^^ (A). In this case, 
the equations daO, = generalizes the Maurer-Cartan equation for flat connections. In 
general, applying Corollarv l3.2l fi) to Mat'^'''^^(74), we get 

^ b^+i+f ( g • • • Q a Qdga Q a Q • • • Q a ) = 0. 

r times t times 

This is the non-associative, Aoo-algebraic version of the Bianchi identity. (See \14:\ [22l [2] 
for the case of differential graded algebras). Furthermore, by Corollarv l3.2r iii). we get 

da.daC = - ^ br+f+2( Q - J a QdaaQ cL • - Q g Qc), 

r times t times 

where c can be either in Mat('"+^)(^)+ or in . This reflects the familiar relation in 

geometry between the square of the connection and the curvature. 

Proposition 4.9. (i) If a is a defining system of ai, . . . ,am £ H(^); then bi(n{a)) = 0. 

(ii) If a' is another defining system and a' ~ a, then fJ,{a') — /u(a) = bi(aQ^ — aom) c-^d 
hence [/x(a')] = [/i(a)] e H(^). 

Proof: (i) Since dad ~ 0, by Lemma HTTl the Bianchi identity reduces to bi{daO,) = and 
hence bi(/i(a)) = 0. 
(ii) is obvious. 

Definition 4.10. The (higher) Massey product of the cohomology classes ai, . . . ,am € 
II(^) is defined if there is a defining system a of them. The class [/u(a)] E H{A) is the 
(higher) Massey product of ai, . . . ,am through the defining system a. The (higher) Massey 
product of ai, . . . , Om £ H(^) is the set (ai, . . . , am) C H(^) of elements [fi{a)], where a 
runs over all the defining systems of ai, . . . , Um- 

We establish a property of the higher Massey product, generalizing the case when A is a 
differential graded algebra \14\ [22 ] . 

Theorem 4.11. Let A be an Aoo-algebra. Suppose the Massey product of ai, . . . ,am E 
H(^) is defined. Then for any 7 G H(^), the Massey product ofcxT, ■ ■ ■ , Om-i, b2(am, 7) is 
also defined, and (oT, ■ • • ,0^-1, b2(Q;m,7)) ^-b2((ai,--- ,am),7)- 
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Proof: Let a G Mat^^^^\A) be a defining system of ai, . . . ,am- We write a = ^ ), 
where ao G Mat^^(^) and a' G A®"'. By Lemma |M1 daoCto = in Mat^^(A) and 
daoCi' = ('^0*'') in ^®'". Let c G ker bi C ^ be a representative of 7 and set c = (°) G 
^e(m+i)_ Tj^gj^ ^ gQ^g ^/ g ^®m^ = 0') ^ Mat^^'+^^A). Then 

bi-i^i = Oi-i^i for i = 1, . . . , m — 1 and bm-i,m = b2(am-i,m, c), which are representatives of 
oT, . . . , Om-i, b2(am;7) £ respectively. Using Lemma again, we get 

since = daoCiQ = —doQCLo- By Coroharv I3.2l fiii) and Lemma 14.71 we have 

So 5 is a defining system of oT, . . . , Om-i, ^2{ctm,7) and fi{b) = — b2(/i(a), c). □ 
A similar statement can be made for the Massey product of 62(7, ai), 02, ... , otm- 

4.4. Homotopy equivalence of defining systems. In Proposition 14.91 we saw that the 
cohomology class of /u(a) does not depend on the (0, m)-component of a. In fact, it is 
invariant under a wider equivalence of the defining systems. 

Definition 4.12. Let A be an ^00-algebra. Two defining systems a, a' of ai, . . . ,am G 

11(^4) are homotopic (through c) if there is c G Mat^^^^ (A) such that 

a' -a = Y] K+i+t (a' • • • a^ c a • • • a ). 

r times t times 

a and a' are equivalent if there is c G Mat^^^^ (yl) such that 

a' - aKi ^ b^+i+f ( g^ Q ■ - Qa/ Q cQ a Q ■ y Q a) . 

r times t times 

Clearly, if a ~ a' or if a and a' are homotopic, then they are equivalent. In fact, this 
equivalence is the weakest relation with this property. When m = 3, the equivalence of the 
defining systems reflects the ambiguity in defining the triple Massey product in §4.11 

If a G MatJ""^^^(yl), then the map r^^'^^^ : MatJ^^^^lyl) ^ rMatJ"+^^(^) was given in 
gXH We define another map Xa'. Mat5;"+^^(A) MatJ"^^^(r^) by the composition of 
^(m+i) ^^^Yi the product 0. That is, we have 

00 

Ta-.be MatJ"+^^(A) ^ y^ a0 • • • 0a 0b. 

'^"O fi times 

Let Ta(l) = 1 + Ta(a) G Matf'+^^(fc Tvl). We recah that b acts on MatJ"^^^ (Tvl) 
component- wise. 
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Lemma 4.13. Let {A,{hn}) be an A^^^-algebra. 

(i)Ifa(£ MatV™^^^(^) is a defining system, then b o = Tq, o on Mat^^^^ (A) . 
(a) Two defining systems a, a' € Mat^^"^^(j4) are homotopic through c if and only if 

ra'ia') - Xaia) = b(T^(l) C Ta(l)). 

Proof: (i) By Lemma l3.1( i). we have 

Taking the product 0, the second term on the right hand side vanishes by Lemma 14.71 and 
we get the result. 

(ii) Following the proof of Lemma I3.10( i) , we get 



b{m+i)(^H+i)(l)^^^^H+i)(i)) 

= Ti?+^) {l)®d^® ^PV) ^ c T(r+^) (1) + t1?+^) (1) (a' - a) rt^'^ (1) 
-Ti?+^) (1) c ^^P^ daa T^r^') (1). 

Taking the product 0, the first and third terms on the right hand side vanish by Lemma [4. 71 
since dad ~ da' a' ~ 0. The result follows. □ 

Theorem 4.14. If a and a' E Mat^'^^'* (j4) are two equivalent defining systems, then 

[Ma')] = K«)]eH(^). 

Proof: By Proposition I4.9r iil. it suffices to show the result when a and a' are homotopic. 
By Lemma l4.13f i) and Lemma 14.71 we have 

b(Ta(a)) = raidaa) = daa. 

So, applying b to the formula in Lemma [4.13r ii). we get da'd' = dad and /i(a') = ^(a)- D 

4.5. Naturality of the higher Massey products. Given a morphism f = {fn}: A^ B 
of Aoo-algebras, the induced morphism f('"+i) = {fi™^^^}: Mat(™+^)(^) ^ Mat("+^)(S) 
of Aoo-algebras determines to a morphism f(™+i) : TMat(™+^)(^) ^ TMat^'^+^H^) of 
coalgebras. For any a,b G Mat^'^^^\A), we have 

oo 

F^r+'^(b) = y^fn( a0- - -0a 0b), 

n times 

which we denote by Fa(6) for short. 

Theorem 4.15. Suppose i : A ^ B of Aoo- algebras and m>2. 

G Matf is a defining system of ai, . . . , a^i G then 
Fa(a) G Mat^^"'^'* (i?) is a defining system o/(fi)*Q!i, . . . , (fi)*am G H(-B), and ;U^(Fa(a)) = 
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(ii) If a and a' are two equivalent defining systems, then so are Fa,(Q.) and Fa,'(tt'). 
Proof: (i) Using Lemma I4.13r il and following the proof of Theorem 13.7( 11) , we have 

9F,(a)(Fa(a)) = Fa(9aa). 

since dad ~ 0, the right hand side Is equal to fi(9aa) ~ 0. Therefore Fa(ot) Is a defining sys- 
tem and /i^(Fa(a)) = fi(/i"^(a)). Next, we note that (Fa(a))j-i,j = fi(ai-i,i)- Since aj_i^j 
Is closed and represents a, (for each 1 < i < m), we get bf (fi(aj_i^j)) = fi(b^(ai_i^i)) = 
and that fi(aj_i^j) represents (fi)*ai. 

(11) First, If a « a', then Fa,(a) ~ Fa/(a'). If a and a' are homotoplc through c, then by 
the proofs of Lemma lS.lSf l) and Theorem 13. 14( 1) (which can be adjusted without assuming 
twisting elements), we get 

fa'{a')-fa{a) 

V bf+i+t(F„,(a') © • • • 0F„,(aO0 F„,,„(c) F„(a) • • • Fa(a)), 

where 



r times 4 times 



Fa',a(c) = ^ f,.+i+f ( g^ ■ ■ ■ a^^ c g • • • gj . 

'^1*5^0 r times t times 

By Lemma 14.13( 11). Fa,(g) and Fa'(g') are homotoplc through fa',aic). □ 

Corollary 4.16. Let i: A ^ B be a morphism of A^q- algebras. If the Massey product 
ofai...,am S H(^) is defined, then so is that 0/ (fi)*(ai) . . . , (fi)*(am) G H(i3), and 
((fi)*(ai) • • • , (fi)*(am)) 13 (fi)*(ai . . . ,am)- 



This generalizes the naturallty of the triple Massey product In §4.11 

Recall that there Is an ^cxa-structure {bn} on H(A) after choosing the maps pi and qi 
(S i2.4p . When ^ Is a differential graded algebra, It was a folklore that the ^00-structure on 
11(^4) gives the Massey products [291 ISSl ttZ]- The precise statement seems to be a long 
standing puzzle]^ We now establish the exact relationship In the more general context of 
Aoo-algebras. 

Proposition 4.17. Let A be an A^o-algebra and ai, . . . , G H(^). If bj_j(aj+i, . . . , aj) = 
for any i, j satisfying < i < j < m, j — i <. m, then the Massey product of 0:1, ... , oim 
is defined and bm(ai, • • • , Om) G (ai, • • • , Om) ■ 

Proof: Notice that H(H(y4)) = H(y4) as bi = 0. Let a G Mat5"^^^(H(A)) be given by 
ai-i^i = ai {1 <i <m) and aij = If j / i+l. By the assumption, a Is a defining system of 



■^It was claimed in Theorem 3.1 of [17] that when A is a differential graded algebra, the conclusion of 
Proposition 14. 1 7l holds under a weaker assumption that for any j — i < m, the Massey product of Qi+i, ■ ■ ■ ,cej 
is defined and contains 0. We think that the stronger condition Bj_i(ai+i, . . . , Qj) = as in Propistion l4.17l 
is necessary even when ^4 is a differential graded algebra. 
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ai,...,a„ GH(H(A)) =H(A) and/i^(^)(«) = bm(ai,... , Orrt)- It suffices to sliow that the 
Massey product of ai, . . . , am is defined and contains //^("^^(q). Applying Theorem I4.15( i) 
to the quasi-isomorphism q: ii{A) — > ^ in §2.41 we get a defining system a = Qct{cx) € 
Mat^^^''(74) of [qi(aj)] = (1 < i < m). More exphcitly, aij = qj_j(aj+i, . . . , aj) for 
< i < j < m. Therefore the Massey product of ai, . . . ,am is defined. Furthermore, 
qi(/x"(^)(Q)) = /i^(a) and hence = [^^(a)] G (ai,...,a„). □ 

It is clear from the proof that the Massey product of elements of H(H(A)) 

through the defining system o; is identical to that as elements of H(^) through the defining 
system a = Qq,(q;). 

Finally, we consider two morphisms f , g : A ^ i? of ^oo-algebras that are homotopic 
through h. Recall that f(™+i), g(™+i) : Matf'+^^yl ^ Mat^+^^(S) are morphisms of Aoo- 
algebras that are homotopic through h^™"''^^ As before, we use H£i(a) to denote 

oo 

H^r+^V) = E hn( a0- - -0a3 - 

n times 

Theorem 4.18. Suppose f,g:A^B are two morphisms of A^o- algebras that are homo- 
topic through h. Let a € Mat^^"'^^(A) be a defining system of ai...,am G II(^); where 
m > 2. Then Fa(a) and Ga(a) are two equivalent defining systems of (fi)^<aj = {gi)^ai € 
H(i?) (1 < i < m) and hence define the same Massey product. 

Proof: Using Lemma I3.15( i) and following the proof of Theorem I3.16( i) , we get 

T^G„(a)(Ga(a)) - 'rF„(a)(Fa(a)) 

= b^(T|^0H„(a)0Tf^(„)) + H(T^(a.a)). 

Since H(T^(9aCt)) = H(9aa) ~ 0, the result follows from Lemma [4.13( ii) and Theorem 14. 141 

□ 

4.6. Massey products on the cohomology of Coo-algebras. Let [A, {bn}) be a Coo- 
algebra. We consider first the triple Massey product ( §4.ip . Let ai,a2i«3 £ H(^) and let 
aoii«i2,a23 E ^ be their representatives, respectively. Suppose 62(01, 02) = 62(02, 03) = 
62(03,01) = 0. Then there exist 002,013,021 ^ ^ such that b2(aoi,ai2) = — bi(ao2), 
62(012,023) = -bi(ai3) and b2(a23,ooi) = -61(031). Recall that 

[01 02] N 03 = 01 (g) 02 03 + (-l)l°2ll"«loi 03 02 + (-l)(l"il+l°2l)l°3l„3 ^ai0 02; 

the same formula can be written for [oqi 012] ^ 0,23 ■ We can check, using 62(^ xi ^) = 
and 63([A (g) A] x A) = 0, that 

//(aoi,ai2,a23;ao2,ai3)+(-l)l"^ll"«l/i(aoi,a23,ai2;(-l)l"^ll"^la'2i,(-l)l"2ll"^lai3) 

+(-l)(l"^l+'"^l)'"^l^(a23,aoi,ai2;a'2i,ao2) = 0. 



24 



WEIPING LI AND SIYE WU 



Consequently, we have 

G (ai,a2,a3) + (ai, as, aa) + (as, ai, aa). 

Similarly, corresponding to ai N [0:2 ® 0^3], we have 

G (ai,a2,a3) + (-l)!"^!!"^! (aa, ai, as) + (as, as, ai). 

We now consider higher Massey products. Recall the notations Sr^n and e{a) in ^2.3 



Proposition 4.19. Let A be a Coo-algebra and let ai, . . . , am G H(A). Fix r < m. Suppose 
for any a G Sr,m and any i, j = 0, . . . ,m with < j—i < m, we have bj_j(ao-(i+i), • • • , acr(j)) = 
0. Then the Massey product of ao-(i), • • • , acr(m,) defined for any a G Sr,m and we have 

OG Yl ("ir^"^ («.(!),..., a,(^)). 

Proof: By Proposition 14.171 the assumption implies that for any a G Sr,rm the Massey 
product of a^(i) , . . . , a^^^) is defined and (a^(i) , . . . , a^(rn) ) ^ (0^(1) , • • • , a<T{m) ) • Since 
(B.{A), {bn}) is a Coo-algebra [5], we have 



b„(a^(i), . . . ,a<^(„)) 

and the result follows. □ 



E 

,77 



5. Spectral sequence and higher Massey products 

5.1. A spectral sequence for the twisted cohomology. So far, the ^00-algebra A is 
either Z- or Zs-graded. In both cases, we write A = A^ Q A^, where A^, A^ are the even, 
odd parts of A, respectively. Here k means the integer k modulo 2. If /i G A^ is a twisting 
element, then the twisted differential dh '■ A'' — > A^~^^ defines a Zs-graded cochain complex 
{A*,dh) and the twisted cohomology H/i(^) is always Zs-graded. 

We now assume that A is Z-graded, i.e., A = ^j^^^A^. If the degree of the twisting 
element h is non-negative, then both the component ho in ^4*^ and the positive-degree part 
h — ho are twisting elements. The twisted cohomology groups defined by ho and hy h — ho 
behave very differently (see [20] for the case of twisted de Rham complexu) . We now assume 
ho = 0, i.e., the twisting element h has positive degree. Denote the twisted differential dh 
on A by d. Then there is a natural filtration F of the Zs-graded cochain complex {A*,d) 
given by FPA = 0^=^^", or 

n=k mod 2 

^In geometry, dh is a superconnection while dhg is a usual connection, as s~^ho is of degree 1. 
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(see [271 [D EOl EE] when ^ is the de Rham complex). The graded components are Gr^^ = 
AP, or 

Q^,p^fc ^ f iip = k mod 2, 

I 0, if p 7^ /c mod 2. 

Lemma 5.1. There is a spectral sequence {Er'^, dr} converging to twisted cohomology }ih{A). 
Moreover, 

(i) Er^ = for any p € Z and r > 0; 

(a) dj. = Q if r is even; 

(Hi) i?2m ~ -^2m+l /''^ ^""^V P ^ ^ '^'^^^ m > 1. 



Proof: The filtration is clearly exhaustive and weakly convergent. By Theorem 3.2 of [23], 
the corresponding spectral sequence converges to the twisted cohomology group, 
(i) Ef = for all r > since El^ = Gv^J^ = 0. 



(ii) If r is even, then either g or g — r + 1 is odd. So d,. : Er'^^'^ is zero. 

(iii) follows from (ii). 

(iv) We have Ef = Ef = AP and di: AP AP+^ is the (untwisted) differential d = bi. 
So £^2^ = W{A) and the rest follows from (iii). □ 

We postpone the discussion on the general to ^5.31 Instead, generalizing the work 
on the twisted de Rham complex [271 [T], we describe the differentials ds and ds when A is 
an Aoo-algebra. For simplicity, we assume that the twisting element h is of homogeneous 
degree 2 (corresponding a closed 3-form for the de Rham complex). Then b„(/i, . . . ,h) = 

n times 

for any n > 1. Any element of E^^^ is a class [x] G W{A) represented by a closed element 
X S AP, i.e., bi{x) = 0. The map ds is given by d3[x] = [b2(/i, a;)]. It is easy to check 
that b2{h,x) is closed (since h and x both are) and the class [b2(/i,x)] G BP~^^{A) does not 
depend on the choice of the representative of [x]. 

If d3[x] = [0], i.e., b2{h,x) = — bi(x') for some x' € AP^'^, then [x] represents a class 
[x]5 G Ef = Ef. When A is a differential graded algebra, then d5[x]5 = [b2(/i, x')]5 (see 
[27\ [1] for the case of de Rham complex). But for a general ^oo-algebra, we claim that 
dsi^js = [b2{h, x') + b3(/i, /i, a;)]5. Note that b2(/i, x') + b-i{h, h, x) = ii{h, h, x; 0, x') is closed 
and represents a class in the triple Massey product {[h], [h], [x]). Furthermore, 

b2{h, b2(/i, x') + b3(/i, h, x)) = -bi(b3(/i, h, x) + b^^h, h, h, x)) 

is zero in £;f+'^'° and hence [b2(/i,x') + b3{h,h,x)] G }iP+^{A) = indeed descends to 

a class in E^'^^'^ = E^'^^'^. We note that x' is not unique; we can add an arbitrary closed 
element to x'. Yet the freedom in x' does not exhaust all the defining systems of [h], [h], [x]. 
This results in a smaller ambiguity of the triple Massey product in b2([/i], H(A)) (rather 
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than b2([/i],H(A)) + b2(H(yl), [x]) as in gj]). Happily, it is the subspace b2{[h],R{A)) that 
descends to zero in £^4 — . 

5.2. Twisting elements and matric ^oo-c^lg^bras. We continue to assume that A is 
a Z-graded ^00-algebra and has the filtration given in §5.1[ If a G j4 is an element of 
positive, even degree, we write a = 02 + 04 + ae + • • • , where 021 G A^*. We define a^"^^ = 
{aij)o<i,j<m-i G Mat^^(A) as the strictly upper-triangular matrix given by Ojj = a2{j-«) if 
i < j. Likewise, if x G F^A^, we write x = Xp + Xp^2 + • ■ ■ j where Xp+2i G ^4^+^* > 0). 
We define a column vector x!^^ = {xp_2{m-i-i))o<i<m-i £ ^®"^. In components, we have 



/O 02 04 

02 • 


02m-4 02m-2\ 
02m-6 02m-4 


— 


/Xp+2m~2\ 
Xp+2m-4 ' 


V 


02 04 

02 J 

/ 




3:^p+4 



We denote the zero matrix and the zero vector by 0^"^^ and Op , respectively. 

Given two graded Z-graded vector spaces A,B and two elements a G A^,b G of 
positive degrees, then for each m > 2, the matrix that corresponds to a b € {A B)^ 
is a(") Similarly, if x G FPBP, then for each m > 2, a <8> X determines the column 

vectors a^™) ajj,™'^ G B)®"^. Finally, by taking a direct limit, we can define a(°°) and 
x^'^ with similar properties. 

Lemma 5.2. Let A he an A^-algebra. If h ^ AP is of positive degree and x G Y^AP, 
y G FP+Mp+T, then 

(i) dhX — y G FP+^™+-^A i/ and on/y if d^(m)X^^ = Z/p^i- /n particular, dhX = y if and 
only if df^(m)X^^ = y^^\ for all m>2. 

(a) dhh G Y^'^'^^^^A if and only if d^{m)hS^^ = 0^*"^ In particular, h is a twisting 
element in A if and only if h^^' is one in Mat5"^(^) for any m > 2. 

Proof: (i) If dhX — y G FP+2™-+i^^ i^y comparing the homogeneous components of dhX and 
y in A''+'^ © AP+^ © • • • ^P+2m.-i^ get, for each i = l,... ,m, 

i 

^ J2 b,,(/i2ii,...,/i2v_i,a;p+2v) = 0. 

r=l ii,...,ir>l 
ilA \-ir=i 

These equalities are equivalent to d^{m)x!^^ = y^^\- The rest is straightforward. 

(ii) is proved similarly. □ 

Combining Lemmas 14.61 and 15.21 we get 

Corollary 5.3. Suppose h G A'^ is of positive degree and x G F^Ap. Then ('^* ' ) G 
Mat^^"^"*^-* (yl) is a defining system if and only if dhh G F^^+^^l and dhX G pp+'^^-^A. In 
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this case, the component of dhX in ^4^+^' 



m— 1 



IS 



{dhX)p+2m-l = fJ' 







In particular, ('^q ' "j^ ) is a twisting element if and only if dhh E F^m+i^ ^^^^ ^ 

5.3. Higher differentials and higher Massey products. Let A be an vloo-algebra and 
/i G A, a twisting element of positive degree. Witli tlie filtration Y^A defined in ^5.H we 
recall that Gr^^ = A^ and the results in Lemma |5. 11 We apply the Appendix on spectral 
sequences to the Z2-graded setting of twisted differential. We want to describe the spaces 
^2m+i C C AP, Sf^+i = and the maps A2m+i ■ ^f^+i ^ E^^^J^^^'" 

for all m > 0. 

Theorem 5.4. Let x ^ AP . Then 

(i) Xp G ^2m+i ^/ '^^'^ ^'^^y ^/ ^/^ere existe x = Xp + Xp+2 + • • • + Xp+2m-2; where Xp+2j G 
^P+2i ^0 < i < mj, stic/i t/iat df^iru) 4""^ = o{,+l equivalently, (''q'"' ^J-™') G MatV™+^^(^) 
is a twisting element. In this case, G {[h2], ■ ■ ■ , [h2], [xp])- 

m—l times 

(a) Xp G B^^_^_^ if and only if there exists y = yp-2m+i + yp-2m+3 H h yp-i, where 



yp-2i+i G AP ^*+^ (t) < i < m), such that i9. (m) y^™2m+i = (o'™"^' h equivalently, 
('ll ' ) G Mat^^"'^'' ( A) is a defining system (of [/12], . . . , [/12], [yp-2m+i]y' and Xp = 



m—l times 



^Co ' ^'^ ^^^-^ ^ { h2, ■ -J ,h2^ ,yp-2m+l)- 

m—l times 

(Hi) Suppose Xp G .^fm+i represents a class [xp]2m+i G -^fm+i- ^ given by (i) and 
let X = x + Xp+2m with any choice of Xp^2m € Then 9^(m+i)4'"^^^ = ( ) /^^^ 

some zp+2m+i G ^p+2™+i, or equivalently, {^^^^'^ % ) G Mat 5"+^^ (A) is a defining sys- 
tem (of [h2], ■ ■ ■ ,[h2],[xp]). Furthermore, Zp+2m+i = A'('*o ^ ^^0 ) G AP^'^"^^^ descends 

m times 

to a class in ^'fm+i^^''^ which is equal to d2m+i[2;p]2m+i- 

Proof: (i) By the description of Zr^ in the Appendix, Xp G -^fm+i ^'^'^ only if there is 
X = xp + Xp-2 + ■■■ + Xp+2m-2 G ^^+2 • • • ^P+2™-2 g^ch that dx G F^+^^+M. 
The rest follows from Lemma l5.2( i) and Corollary 15.31 

(ii) By the description of i?r^ in the Appendix, Xp G -B2m+i ^'^'^ ^'^^y there is y = 

yp_2m+l+yp-2m+^ + - ' - + ^^-1 £ A^-^^+l 0^P-2-+3 © . . .©^P"! guch that dy-Xp G 

The rest follows from Lemma I5.2( i) and Corollary 15.31 
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(iii) By the description of d,. in the Appendix, (i2m+i[xp]2m+i is represented by Zp+2j?i+i £ 
^2^5^^'° C such that dx - Zp+2m+i € FP+2m+3^, The rest follows from 

Lemma l5 .2( 1) and Corollary 15. 31 □ 

Given Xp in Theorem I5.4( i). the element x satisfying the condition is not unique. As in 
§5.1^ this freedom does not exhaust all the defining systems of [/i2], . . . , [/i2], [xp]. Let Xp + x', 

m—l times 

where x' = Xp_^_2 + • • • + 2;p_^2(m-i)' another choice and let z'p_^2m+i = ^( o ^''o )' 

p+2m fo'^ some Xp_^_2m 



where x = Xj, + x' + x',n^ for some x',r,^ € j^p+2m^ Then the difference 



^{'"+1) 



^p+2m+l ^p+2m+l — ^ 











^ + bi {Xp^2m Xp+2m) 



descends to an element in the image of d2m-i which is a Massey product of [/i2], . . . , [/i2], [2;p+2- 

m—2 times 

Xp+2]- Therefore the class in E2m = E2m+i remains the same. This generalizes the discus- 
sion on the special case (m = 2) on ds and the triple Massey product in ^5.11 

We also remark that the elements 2:^+21 • • • , a;p_|_2(m-i) chosen in Theorem 15.41 for a given 
m > 1 can not be used recursively without correction for higher values of m. This phe- 
nomenon already appeared in the special case when A is the de Rham complex p2]. We 
now illustrate this fact for general ^00-algebras in a more concise way. Suppose the el- 
ement Xp in Theorem 15. 4n ) is actually in ^fm+S' then d2m+i[xp]2m+i given by Theo- 
rem [SiD^iii) is zero in E2^j^~^^'^, i.e., Zp^2m+i £ -^fm+i"''^''^- Theorem I5.4f ii). there 
exists y' = ?/p+2 + Vp+i + • • • + 2/^+2™ ' where yp_^2i ^ ^^^"^^ {1 < i < m) such that 

/(m) /2p+2m + l\ 

yp+2 = [ ol"^-^'' ) ■ Therefore 

~(m+l) / yp+2 \ \ _ f^{m+l) 

p \ Op J I ~ ■ 

Thus when m increases by 1, the element x in Theorem 15. 4l fi) should be replaced by 

X + Xp+2m -y' = Xp + {Xp+2 - y'p+2) H ^ {Xp+2m " y'p+2m)- 



5.4. Naturality of the spectral sequence. If f : A ^ is a morphism of Aoo-algebras 
and /i G A is a twisting element, then so is F/j(/i) G B and there is an induced homomorphism 
{^h)*'- H/i(j4) — > Hp^^(/j)(i?). We want to describe explicitly the induced morphism of the 
spectral sequences. If h is of homogeneous degree 2 as in the example in ^5. H and if f is strict, 
then F/i(/i) = fi(/i) G -B is of homogeneous degree 2 as well. In this case, the morphism of 
spectral sequences is induced by fi. It is easy to see, using the explicit formulas of ds and 
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ds in gMl that 

(fl), o d^ = df o (fi)*, (fi). o d^ = df o (fi)*. 
In the general situation, we have 

Proposition 5.5. Iff:A^Bisa morphism of Aoo- algebras and h (z A is a twisting 
element, then the cochain map F/j: (A, d"^) {B,d^), where d^ = dh and = 5p^(^), 
is a morphism of filtered cochain complexes and hence there is a morphism of the spectral 
sequences ('^E'r^, d^) {^Er^ ,d!^). For all m > 0, the homomorphisms [h]*' "^-^fm+i ~^ 
^^2m+i ^''"^ induced by ii: A B and (fi)=K o d2m+i = ^2m+i ° (h)*- In particular, we have 

Proof: The cochain map fh clearly preserve the filtrations. On the graded components 
Gr^^ = A^ ,\l is simply f i : — > B^ . The rest is self-evident by the discussion of naturality 
in the Appendix. □ 

The result that the morphism of the spectral sequence is induced by fi alone is consistent 
with the naturality of the higher Massey products in §4.51 We note that ^E^ are the 
graded components of H^(yl). Although the homomorphisms on E^o depend solely on fi, 
the induced map {V^)* ■ H/i(yl) Hp^(;i)(i?) does depend on all f„ for n > 1. 

We apply Proposition 15.51 to a number of cases. 

First, suppose q: H(^) — > ^ is the quasi-isomorphism in §2.4[ Denote by (Er'',dr) the 
spectral sequence associated to the Z-graded ^oo-algebra H(A). Since bi = 0, we have 
Ef = Ef = Ef = Ef = WiA). The map qi : sf = W{A) ^ Ef = A? is a quasi- 
isomorphism of cochain complexes and hence the induced homomorphisms (qi)*: Er^ — > 
Ef are the identity maps for all r > 2. With the relation between the higher differentials 
and the higher Massey products (Theorem I5.4( iii)). this is consistent with the relation of 
(higher) Massey products with the ^oo-structure on H(^) (Proposition 14.171) . 

Next, if as in §3.31 h,h' £ A are two twisting elements that are homotopic through c, 
then by Proposition l3.1lT i) and Corollary I3.12( i). there is a cochain map ij^c: {A,dh) 
{A,dh'), which preserves the filtration on A. Moreover, ij^c is the identity map on the 
graded components. So the induced isomorphism identifies the two spectral sequences 
{Er'^,dr) = {E'^'^jd'^), which converge to HhiA) and }ih'{A), respectively. We note that 
although HhiA) and iih'{A) have identical graded components, the isomorphism between 
the total spaces is induced by il^c, not the identity map. 

Finally, if f , g : ^ — > i? are two morphisms of Aoo-algebras that are homotopic through 
h, then fi,gi : A ^ B are cochain maps that are homotopic through hi. Consequently, the 
morphisms on the spectral sequence ^E'^' induced by f and g are identical when r > 2. 
This is consistent with Theorem 13.161 and Corollary 13.171 since li'HhC/i) induces the identity 
isomorphism on spectral sequences. 



30 



WEIPING LI AND SIYE WU 



Appendix. Spectral sequences 

We summarize some aspects of spectral sequences used in Section 5. We refer the readers 
to numerous discussions in the literature (for example [U [23]) although the version we 
present here is somewhat different. We will treat the cohomological spectral sequences only 
as the homological ones are parallel. 

Let (C*,d) be a (Z-graded) cochain complex with a filtration F, that is, we have a 
descending d-invariant sequence 

... 3 D FP+^C D ■■■ 

and thus each (FPC",d) is a cochain complex. Let GtPC* = F^C* /FP^^C* be the graded 
components; each Gr^C* = F*'C*/F^'*'^C* is also a cochain complex whose coboundary 
operator will also be denoted by d. Let 

ZP1 = FPCP+'? n d-\FP+''CP+'^+^), BP1 = FPCP+9 n d(FP-^'+^C7P+5-i) 

(which are usually denoted by Zr^jBr'^, respectively) and 

£;p9 = zpyiBP'i + zp+l^''-^). 

Then the coboundary operator d induces the higher differentials d^ : Er'^ — EP~^^''^~^~^^ with 
d^ = 0, and -E^+i is the cohomology of (Er'^^dr)- The filtration is exhaustive and weakly 
convergent, then the spectral sequence converges to the cohomology groups (cf. Theorem 3.2 
of [23]). 

We reserve the notations Z^^, Br'' for the new spaces 

ZP1 = zpyzp^l'''~\ BP" = Bpy{BPi n zp+l'''-^). 

Then Er'^ = ZP'^/Br'^. There are natural isomorphisms (through which we identify) 

ZP" = {xe GvPCP+'i I 3x € FPCP+1 such that x = x + FP+^CP+'', dx € fp+'C^+^+I} 
and 

= {xe GvPCP+1 1 3y G FP-''+^CP+''~^ such that dy € FPCP+«, x = dy + FP+^CP+i}. 
For example, Z^" = GrPCP+5, bP'^ = and EP" = GtPCP+i whereas 

Zf = ker(d : GrPCP+'? ^ GrPCP+'?+^), 5f = im(d : GtPCP+''-^ ^ GiPCP+'') 
and EP'^ = HP^''{GrPC' ,d) as expected. We have a sequence of inclusions 

= C • • • C C BPl^ C • • • C Z^li C ZP" C • • • C Z^'' = GiPCP+1. 
Finally, if the filtration is weakly convergent, then 

ZP^ = {xe GrPCP+'? I 3i G FPCP+'? such that x = i + FP+^CP+'?, dx = 0}, 

BP^ = {xe GtPCP+'' I 3y G C7P+"-i such that dy G FPCP^", x = dy + FP+^CP+''}, 
and E^ = Z^/B^ are the graded components of the cohomology groups H(C*,d). 
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We now describe the higher differentials : Er'^ — > Er^^''^ '^'^ . If a class [x] € Er'^ = 
Z^yB?'^ is represented by x G Z?" C GrPCP+^ choose a lifting x E FPCP+i of x. Then 
dx S pp+»'(7P+9+i and we denote by z € Gv'^'^^ C^'^'^'^^ its graded component. In fact, 
z G Zr^^''^~^'^^ (since if we choose z = dx, then dz = G pp+2r(^p+g+2^ g^j^^^ -g gjygj^ ]-,y 

d,[x] = [z] G 

We check that the result is independent of the choices made. If x' G Gr^C^"'"'' is another 
lifting of X, then x'—x G F^+^C^"'"'' and d(x'— x) G FP+'~C^+'^+^. Since the graded component 
z' G Gr^'''''C^"'"'' of dx' differs from z by an element in Bf^''''^ they descend to the same 
class in Er~^^''^~^~^^ ■ On the other hand, if [x] = or x G -Br', then we can choose x = dy, 
where y G Y^'^^^C^^'^^^ . Thus z = dx = and dr[x] = 0, which is required by consistency. 

Let (C"*,d') be another (Z-graded) cochain complex with a filtration, also denoted by 
F. Suppose f : (C*,d) — > {C",d') is a morphism of filtered cochains, i.e., f o d = d' o f 
and f: F^C* F^C". Then there is an induced morphism of the associated spectral 
sequences {Er'^,dr) — > {E'/'^,dj.) (see, for example. Theorem 3.5 of |23j). More concretely, f 
induces cochain maps (using the same notation) f : Gr^C* — > Gr^C*. It can be shown that 
f(Zr'^) C Zr^'^, f{Br'^) C B'/'' and hences f induces a map f* : Er"^ — > E'/"^. Furthermore, we 
have f* o dr = d^ o f^,, which can also be seen from the above explicit description of d^. This 
gives a morphism between the two spectral sequences. 
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